Let the circle act on a 4-dimensional compact almost complex manifold M with a discrete fixed point set. Let us call the fixed point data of M by the collection of multisets of weights at the fixed points. In this paper, we give a complete classification of the fixed point data of M in terms of a multigraph encoding it. We prove that the multigraph can be achieved from a multigraph for a semi-free action followed by a combination of 4 types of operations on it. Moreover, we prove the converse; for any multigraph Γ obtained from our minimal multigraph followed by the operations, we construct a 4-dimensional compact almost complex S 1 -manifold M with a discrete fixed point set such that Γ encodes the fixed point data of M .
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Introduction
The purpose of this paper is to classify the fixed point data of a circle action on a 4-dimensional compact almost complex manifold with a discrete fixed point set and discuss several applications. By the fixed point data, we mean a collection of multisets of the weights at the fixed points. The fixed point data encodes information of a manifold; the Chern numbers, the Euler characteristic, the Hirzebruch χ y -genus, the signature, the Todd genus, etc.
First, we discuss the known classification results of circle actions on 4dimensional manifolds having discrete fixed point sets in different categories. In complex case, Carrell, Howard, and Kosniowski proved that a holomorphic vector field on a complex surface can be achieved from either CP 2 or a Hirzebruch surface by blow-ups [CHK] . In symplectic case, a Hamiltonian S 1 -space can also be obtained from CP 2 or a Hirzebruch surface by blow-ups [AH] , [A] , [K] . Note that for both complex and symplectic manifolds, the case that the fixed point set is not discrete is also dealt in the papers.
For oriented manifolds, Fintushel classified circle actions on 4-dimensional compact oriented manifolds in terms of orbit data [Fi] . The classification of the fixed point data of a circle action on a 4-dimensional compact oriented manifold with a discrete fixed point set is given in [J4] ; also see [P] . For an oriented manifold, the sign of each weight at a fixed point is not well-defined, while for an almost complex manifold it is well-defined. Therefore, the classification results for oriented manifolds do not imply results for almost complex manifolds.
Throughout the paper, we assume that any circle action on an almost complex manifold preserves the almost complex structure. Let the circle act on a compact almost complex manifold M . Let p be an isolated fixed point. Then the local action of S 1 near p can be described by g · (z 1 , · · · , z n ) = (g w p,1 z 1 , · · · , g wp,n z n ), for all g ∈ S 1 ⊂ C and z 1 , · · · , z n ∈ C, where dim M = 2n and w p,i are non-zero integers, for 1 ≤ i ≤ n. The non-zero integers w p,i are called the weights at p. The index n p of p is the number of negative weights at p. (4) Let Γ = (V, E) be a directed multigraph. For a vertex v of Γ, the index n v of v is the number of edges whose terminal vertex is v. The Todd genus T (Γ) of Γ is the number of vertices of index 0. (5) Let Γ = (V, E) be a labeled directed multigraph. Let e be an edge of Γ. We say that (i(e), t(e)) is w(e)-edge. Alternatively, we say that (t(e), i(e)) is (−w(e))-edge.
For an action of a group G on a manifold M , denote by M G the set of points in M that are fixed by the G-action. That is, M G = {m ∈ M | g ·m = m for all g ∈ G}.
Definition 1.2. [JT] For a circle action on a compact almost complex manifold M with a discrete fixed point set, we say that a labeled directed multigraph Γ describes M if the following hold: (1) The vertex set of Γ is the fixed point set M S 1 of M .
(2) The multiset of the weights at p is {w(e) | i(e) = p} ∪ {−w(e) | t(e) = p} for all p ∈ M S 1 .
(3) For each edge e, the two endpoints i(e) and t(e) lie in the same connected component of the isotropy submanifold M Z/(w(e)) . Here, Z/(w(e)) acts on M as a subgroup of S 1 .
Suppose that a labeled directed multigraph Γ describes a compact almost complex S 1 -manifold M with a discrete fixed point set. Let p be a vertex (fixed point). If an edge e with label w has initial vertex p, Definition 1.2 means that the fixed point p has weight +w. If an edge e with label w has terminal vertex q, Definition 1.2 means that the fixed point q has weight −w. It follows that if dim M = 2n, Γ is n-regular; every vertex has n-edges. Since a multigraph describing M encodes the fixed point data of M , the multigraph encodes the same information as the fixed point data of M .
A group action on a manifold is called semi-free, if the action is free outside the fixed point set. For a semi-free circle action on an almost complex manifold with a discrete fixed point set, this means that every weight at any fixed point is either +1 or −1. Accordingly, we introduce a notion for a multigraph for a semi-free action. Definition 1.3. A labeled directed multigraph Γ is called semi-free if (1) every edge of Γ has label 1; and (2) for every edge e of Γ, the index of the initial vertex of e is one less than the index of the terminal vertex of e, i.e., n i(e) + 1 = n t(e) . A semi-free multigraph is a labeled directed multigraph that is semi-free.
By definition, if Γ is a 2-regular semi-free multigraph and T (Γ) = k, Γ has k vertices of index 0, 2k vertices of index 1, and k vertices of index 2. Figure 1 is an example of a connected 2-regular semi-free multigraph Γ, with T (Γ) = 2.
In this paper, we prove that for a circle action on a 4-dimensional compact almost complex manifold M with a discrete fixed point set, there exists a multigraph describing M that can be achieved from a 2-regular semifree multigraph followed by 4 types of operations on it. Pictures for the operations 1, 2, 3, and 4 are provided in Figures 2, 3 , 4, and 5, respectively. Moreover, we prove the converse that for any multigraph Γ obtained from a 2-regular semi-free multigraph followed by the 4 types of operations on it, there exists a 4-dimensional compact almost complex S 1 -manifold with a discrete fixed point set that is described by Γ. Our main result is the following: Theorem 1.4. Let the circle act effectively on a 4-dimensional compact almost complex manifold M with a discrete fixed point set. Then a labeled directed multigraph describing M can be constructed in the following way: begin with a disjoint union of connected 2-regular semi-free multigraphs Γ j , 1 ≤ j ≤ k, for some positive integer k. Then, apply a combination of the following 4 operations on each Γ j : (1) Suppose that (p i−1 , p i ) is a-edge and (p i , p i+1 ) is b-edge, for some vertices p i−1 , p i , p i+1 and for some positive integers a, b. Then replace p i with
is c-edge, for some vertices p i−1 , p i , p i+1 , p i+2 and for some positive integers c, d. Then replace the label of the (p i+1 , p i )-edge with d + c ( Figure 3 ). (3) Suppose that (p i−1 , p i ) is e-edge, (p i , p i+1 ) is f -edge, and (p i+2 , p i+1 )
is e-edge, for some vertices p i−1 , p i , p i+1 , p i+2 , and for some positive integers e, f . Then replace the label of the (p i , p i+1 )-edge with f + e ( Figure 4 ). (4) Suppose that (p i−1 , p i−2 ) is g-edge, (p i−1 , p i ) is h-edge, (p i , p i+1 ) is gedge, and (p i+2 , p i+1 ) is h-edge, for some vertices p i−1 , p i , p i+1 , p i+2 , and for some positive integers g, h. Then replace (p i−1 , p i )-edge and (p i , p i+1 )-edge with (p i−1 , p i+1 )-edge, removing p i ; the new (p i−1 , p i+1 )edge has label (g + h) ( Figure 5 ).
The Todd genus of M is Todd(M ) = k j=1 T (Γ j ). Moreover, given any 2regular labeled directed multigraph Γ constructed from a 2-regular semi-free multigraph followed by the 4 operations in this theorem, there exists a 4dimensional compact connected almost complex manifold M equipped with a circle action having a discrete fixed point set that is described by Γ.
The proof of Theorem 1.4 is given in Section 3. The main ideas of the proof are the existence of a multigraph describing M (Lemma 2.5), the relationship between the weights at fixed points lying in the same connected component of M Zw (Lemma 2.6), and the equivariant plumbing technique (Theorem 3.2).
Note that for an effective circle action on a 4-dimensional compact almost complex manifold M with a discrete fixed point set, Theorem 1.4 does not imply that a multigraph describing M is unique. Let w > 1 be an integer. If a fixed point p has weight +w, a fixed point q has weight −w, and p and q lie in the same connected component of M Zw , then for any multigraph describing M , (3) of Definition 1.3 means that (p, q) must be w-edge. However, if ±1 occur as weights at some fixed points, there are many possibilities for drawing edges with label 1. For instance, suppose that a manifold M is described by Figure 1 . Then M is also described by a disjoint union of two copies of Figure 6 . However, a multigraph describing M is unique, up to redrawing edges of label 1. Moreover, a multigraph can describe two different manifolds; see Remark 3.13. From now on, we shall discuss applications of Theorem 1.4. The first application is when a manifold is complex or symplectic. To discuss, let M be a 4-dimensional compact connected manifold, complex or symplectic. Let the circle act on M , preserving the given structure. Suppose that the fixed point set is non-empty and discrete. If M is complex, in [CHK] , Carrell, Howard, and Kosniowski classified the fixed point data of M . If M is symplectic, the fixed point dats is classified by Ahara-Hattori [AH] , Audin [A] , and Karshon [K] . When M is complex or symplectic, the Todd genus of M is equal to 1. The Todd genus Todd(M ) of M is equal to the number of fixed points of index 0; see Theorem 2.1. Therefore, Theorem 1.4 implies that in this case the fixed point data of M can be achieved from a single 2-regular semi-free multigraph Γ with T (Γ) = 1 ( The proof of Theorem 1.5 and the comparison of the classifications of the fixed point datum in almost complex, complex, and symplectic cases are given in Section 4.
The second application of Theorem 1.4 is the classification of the Chern numbers of a 4-dimensional compact almost complex S 1 -manifold with a discrete fixed point set. In [S] , Sabatini asked what possible values are for the Chern numbers of such a manifold. [M ] = 10n 0 − n 1 and c 2 [M ] = 2n 0 + n 1 for some positive integers n 0 and n 1 .
Conversely, given any positive integers n 0 and n 1 , there exists a circle action on a 4-dimensional compact connected almost complex manifold M with a discrete fixed point set such that c 2 1 [M ] = 10n 0 − n 1 and c 2 [M ] = 2n 0 + n 1 .
Corollary 1.8 is obtained as a consequence of the following corollary of Theorem 1.4, which establishes a lower bound on the number of fixed points. Moreover, the bound is sharp. Corollary 1.9. Let the circle act on a 4-dimensional compact almost complex manifold M with a non-empty fixed point set. Then there are at least 3 fixed points. If in addition the fixed point set is discrete, then Todd(M ) > 0 and there are at least 2 · Todd(M ) + 1 fixed points. Moreover, for any positive integers N 0 and N 1 , there exists a 4-dimensional compact connected almost complex manifold M with Todd genus N 0 , equipped with a circle action having precisely 2N 0 + N 1 fixed points, N 0 fixed points of index 0, N 1 fixed points of index 1, and N 0 fixed points of index 2.
In fact, three fixed points can only occur in dimension 4; see [J2] . The proof of Corollary 1.9 is given in Section 5.
Another application of Theorem 1.4 is the classification of a semi-free circle action on a compact almost complex manifold with a discrete fixed point set. In [TW] , Tolman and Weitsman proved that if the circle acts semifreely on a 2n-dimensional compact almost copmlex manifold with a discrete fixed point set, N i = N 0 · n i for 0 ≤ i ≤ n. As a consequence, they proved that if the circle acts symplectically and semi-freely on a compact symplectic manifold M with a non-empty discrete fixed point set, the action must be Hamiltonian (and hence the Todd genus of M is equal to 1), and the fixed point data is the same as that of a diagonal action on the product of S 2 's, on each of which the circle acts by rotation. In particular, there are exactly 2 n fixed points. Feldman [Fe] and Li [L] reproved this. In this paper, we prove the converse of the above statement; given any positive integers k and n > 1, we construct a semi-free circle action on a 2n-dimensional compact connected almost complex manifold M with a discrete fixed point set such that Todd(M ) = k, and M has precisely k · 2 n fixed points. Therefore, our result can be viewed as a generalization of the result for semi-free symplectic circle actions by [TW] to almost complex manifolds. Theorem 1.10. Let the circle act semi-freely on a 2n-dimensional compact almost complex manifold M with a discrete fixed point set. Then there are Todd(M ) · 2 n fixed points. Conversely, let k be a positive integer. Then for any n > 1, there exists a 2n-dimensional compact connected almost complex manifold M equipped with a semi-free circle action having a discrete fixed point set, whose Todd genus is k. Moreover, there are k · 2 n fixed points.
The proof of Theorem 1.10 is given in Section 6. In Theorem 1.10, we exclude dimension 2 simply because in dimension 2 if there is a fixed point, the manifold is S 2 and we can only have 2 fixed points, that is, rotation of the 2-sphere.
The paper is organized as follows. In Section 2, we review background and preliminary results. In Section 3, we prove of our main result, Theorem 1.4. In Section 4, we prove Theorem 1.5 and compare circle actions on 4-dimensional almost complex, complex, and symplectic manifolds that have discrete fixed point sets. In Section 5, we prove Corollary 1.8 and Corollary 1.9 that determine the Chern numbers and provide a lower bound on the number of fixed points. In Section 6, we prove Theorem 1.10 which generalizes semi-free symplectic circle actions with discrete fixed points sets to semi-free circle actions on almost complex manifolds. In Section 7, we discuss when a multigraph behaves like a manifold, that is, given a labeled directed multigraph Γ, under which conditions on Γ there exists a compact almost complex S 1 -manifold that is described by Γ.
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Background and preliminaries
An almost complex manifold (M, J) is a manifold M with a fiberwise linear complex structure J m on each tangent space T m M . A circle action on an almost complex manifold (M, J) is said to preserve the almost complex structure if dg • J = J • dg for all g ∈ S 1 .
Let M be a compact almost complex manifold. The Hirzebruch χ y -genus is the genus belonging to the power series x(1+ye −x(1+y) ) 1−e −x(1+y) . The Hirzebruch χ y -genus of M contains three information; χ −1 (M ) = χ(M ) is the Euler characteristic of M , χ 0 (M ) = Todd(M ) is the Todd genus of M , and χ 1 (M ) = sign(M ) is the signature of M . In [HBJ] , Hirzebruch, Berger, and Jung proved that for a circle action on a compact complex manifold with a discrete fixed point set, the Hirzebruch χ y -genus is rigid under the circle action. Following the idea, Li extended the result to almost complex manifolds.
Theorem 2.1. [HBJ] , [L] Let the circle act on a 2n-dimensional compact almost complex manifold M with a discrete fixed point set. For each integer i such that 0 ≤ i ≤ n,
where χ y (M ) = n i=0 χ i (M )·y i is the Hirzebruch χ y -genus of M , t is an indeterminate, σ i is the i-th elementary symmetric polynomial in n variables, and N i is the number of fixed points of index i. Moreover, χ 0 (M ) = χ 0 (M ) is equal to the Todd genus of M .
For a circle action on a compact almost complex manifold with a discrete fixed point set, each time weight w occurs, there occurs weight −w.
Lemma 2.2. [H] , [L] Let the circle act on a compact almost complex manifold M with a discrete fixed point set. For each integer w,
Here, for an integer w, N p (w) = |{i | w p,i = w, 1 ≤ i ≤ n}| denotes the number of times weight w occurs at p.
In addition, the smallest positive weight satisfies a stronger property.
Proposition 2.3. [JT] Let the circle act on a 2n-dimensional compact almost complex manifold M with a discrete fixed point set. Let a be the smallest positive weight that occurs at any fixed point. Given any j ∈ {0, 1, . . . , n − 1}, the number of times the weight +a occurs at fixed points of index j is equal to the number of times the weight −a occurs at fixed points of index j + 1. That is, for any j ∈ {0, 1, . . . , n − 1},
where n p is the index (the number of negative weights) of p, and for an integer w, N p (w) = |{i | w p,i = w, 1 ≤ i ≤ n}| is the number of times weight w occurs at p.
Applying Proposition 2.3 to the smallest positive weight, it follows that there must exist two fixed points whose indices differ by 1.
Corollary 2.4. [J3] Let the circle act on a 2n-dimensional compact almost complex manifold M with a non-empty discrete fixed point set. Then there exists 0 ≤ i ≤ n − 1 such that both of N i and N i+1 are not zero, where N i is the number of fixed points of index i.
Alternatively, since χ i (M ) = (−1) i N i for 0 ≤ i ≤ n, Corollary 2.4 means that there exists 0 ≤ i ≤ n − 1 such that both of χ i (M ) and χ i+1 (M ) are not zero, where χ y (M ) = n i=0 χ i (M ) · y i is the Hirzebruch χ y -genus of M . For a directed multigraph, by a self-loop we mean an edge e whose initial vertex and terminal vertex coincide, i.e., i(e) = t(e). Recall that the index n v of a vertex v is the number of edges whose terminal vertex is v. In [JT] , using Proposition 2.3, Tolman and the author proved that for a compact almost complex S 1 -manifold M with a discrete fixed point set, there exists a labeled directed multigraph describing M that does not have any self-loops.
Lemma 2.5. [JT] Let the circle act on a compact almost complex manifold M with a discrete fixed point set. Then there exists a labeled, directed multigraph describing M such that, for each edge e, the index of i(e) in the isotropy submanifold M Z/(w(e)) is one less than the index of t(e) in M Z/(w(e)) . In particular, the multigraph has no self-loops.
We shall explore a multigraph satisfying the conditions in Lemma 2.5 in dimension 4. Consider a circle action on a 4-dimensional compact almost complex manifold M with a discrete fixed point set. Without loss of generality, by quotienting out by the subgroup that acts trivially, suppose that the action is effective. Suppose that a fixed point p has weight +w for some positive integer w such that w > 1. The group Z w acts on M as a subgroup of S 1 . The set M Zw of points in M that are fixed by the Z w -action is a union of smaller dimensional compact almost complex submanifolds. Let F be a connected component of M Zw that contains p. In general, dim F = 2m if and only if p has exactly m weights that are divisible by w. Since the action is effective, dim M = 4, and p has weight w > 1, it follows that dim F = 2. The circle action on M restricts to a circle action C on F . The C-action on F has p as a fixed point. This implies that F is the 2-sphere, since among compact oriented Riemann surfaces, only S 2 admits a circle action with a fixed point. Since any circle action on S 2 has 2 fixed points, the C-action on F has another fixed point q that has weight −w as a weight of the C-action; hence the original circle action on M also has weight −w at q. Draw an edge from p to q with label w. Therefore, by (5) of Definition 1.1, (p, q) is w-edge. Alternatively, (q, p) is (−w)-edge. In [K] , the (p, q)-edge is called Z w -sphere.
By Proposition 2.3, the number of times weight +1 occurs at fixed points of index i is equal to the number of times weight −1 occurs at fixed points of index i + 1; therefore, if a fixed point p has weight +1, draw an edge from p to a fixed point q that has weight −1 and n p + 1 = n q . This is how we draw a 2-regular labeled directed multigraph describing M that has no self-loops by Lemma 2.5.
The weights at fixed points lying in the same connected component of M Zw are equal modulo w;
Lemma 2.6. [T] , [GS] Let the circle act on a compact almost complex manifold M . Let p and p ′ be fixed points which lie in the same connected component of M Zw , for some positive integer w. Then the S 1 -weights at p and at p ′ are equal modulo w.
Lemma 2.6 states that if p and p ′ lie in the same connected component of M Zw , there exists a bijection π : {1, 2, · · · , n} → {1, 2, · · · , n} such that w p,i ≡ w p ′ ,π(i) mod w for all i, where dim M = 2n.
The following lemma shows that we can equivariantly glue together two 4-dimensional compact connected almost complex manifolds equipped with T 2 -actions. The latter part of the lemma will be used to prove Theorem 1.4. For a T 2 -action on an almost complex manifold M , denote by Σ T 2 M the collection of multisets of the T 2 -weights at the fixed points of M .
Lemma 2.7. For i = 1, 2, let M i be a 4-dimensional compact connected almost complex manifold equipped with an effective T 2 -action. Then we can perform equivariant connected sum along free orbits of M i to construct a 4-dimensional compact connected almost complex manifold M equipped with an effective T 2 -action, such that the action has Σ T 2 M 1 ⊔ Σ T 2 M 2 as the collection of multisets of the T 2 -weights at the fixed points of M .
In addition, suppose that the following hold:
(2) For i = 1, 2, a labeled directed multigraph Γ i describes M i for the action of the first S 1 -factor of T 2 on M i . Then the action of the first S 1 -factor of T 2 on M is described by the disjoint union of the two multigraphs Γ 1 and Γ 2 .
Proof. For each i = 1, 2, take an equivariant tubular neighborhood
For i = 1, 2, the complex structure on B i is classified by a continuous map from B i to GL(4, R)/GL(2, C), which is homotopy equivalent to S 2 ⊔ S 2 . Since T 2 acts on B i freely and J i invariantly, the orbit space is S 1 and the map factors through
We glue B 1 and C 2 equivariantly. Denote by φ the equivariant diffeomorphism between B 1 and C 2 . By reversing the orientation of M 2 if necessary, the complex structure J ′ on C 2 induced by J 1 via the equivariant diffeomorphism φ and the complex structure J 2 on B 2 lie in the same component of GL(4, R)/GL(2, C) ≈ S 2 ⊔ S 2 . Therefore, between C 2 and B 2 , we can perturb the almost complex structure J 2 on B 2 to agree with the induced complex structure J ′ on C 2 . Therefore, when we take the equivariant connected sum of M 1 and M 2 by gluing B 1 and C 2 equivariantly, the resulting manifold M admits an almost complex structure.
On the other hand, since the equivariant connected sum is along free orbits of M 1 and M 2 , it follows that the fixed point set of the T 2 -action on M is the union M T 2 1 ⊔ M T 2 2 of the fixed point sets of M 1 and M 2 , and the fixed point data of the
This proves the first claim.
The second claim follows from the construction of M ; suppose that (1) for i = 1, 2, for any fixed point p in M i , w p,j = 0 for j = 1, 2, where (v p,1 , v p,2 ) are the T 2 -weights at p, and v p,j = (w p,j , x p,j ) ∈ Z 2 , for j = 1, 2; and
(2) for i = 1, 2, a labeled directed multigraph Γ i describes M i for the action of the first S 1 -factor of T 2 on M i .
} are the T 2 -weights at p, then {w p,1 , w p,2 } are the weights at p for the action for the first S 1 of T 2 on M , where v p,j = (w p,j , x p,j ) for some integers w p,j , x p,j for j = 1, 2. Since w p,j = 0 for all p ∈ M T 2 and j = 1, 2, the action of the first S 1 -factor of T 2 on M has the same fixed point set as
Proof of the main result
In this section, we prove our main theorem, Theorem 1.4. For a technical reason to prove Theorem 1.4, we need the following definition.
Definition 3.1. Let the circle act on a 4-dimensional compact almost complex manifold M with a discrete fixed point set. We say that a 2-regular labeled directed multigraph Γ describes M in the strong sense if the following hold.
(1) The multigraph Γ describes M .
(2) If (p, q) is w-edge for some positive integer w, then p and q lie in the same 2-sphere S 2 , where the circle action on M restricts to act on this S 2 with fixed points p and q that have S 1 -weights w and −w, respectively.
We need Definition 3.1 to deal with edges with label 1. To discuss, consider an effective circle action on a 4-dimensional compact almost complex manifold with a discrete fixed point set. Let w > 1 be an integer. If two fixed points p and q lie in the same 2-sphere S 2 on which the circle action on M restricts to act with fixed points p and q that have weights w and −w, respectively, then Definition 1.2 means that (p, q) must be w-edge for any multigraph describing M . Now, let w = 1. On the other hand, if a fixed point p has weight +1 and two fixed points q and q ′ both have weight −1 and satisfy n p + 1 = n q = n q ′ , then M Z/w = M and hence we have a choice that (p, q) is 1-edge or (p, q ′ ) is 1-edge. However, when we prove Theorem 1.4, a manifold we construct will satisfy that the manifold is described by a multigraph in the strong sense; there exists a unique fixed point q that lie in the same S 2 on which the circle action on M restricts to act with fixed points p and q that have weights +1 and −1, respectively.
Let Γ be any multigraph obtained from a 2-regular semi-free multigraph by the 4 operations in Theorem 1.4. To prove the existence of a 4-dimensional almost complex S 1 -manifold which is described by Γ, the key idea is the equivariant plumbing technique. Masuda [Ma] used the equivariant plumbing to construct a 4-dimensional compact almost complex manifold equipped with a T 2 -action. We shall review and reformulate the theorem and the proof.
In addition, suppose that v i,
Then as the first S 1 -factor of T 2 , the S 1 -action on M has the same fixed point set as the T 2 -action, and the S 1 -weights at
Proof. Let a be an integer. Let O(a) be the holomorphic line bundle over CP 1 whose self-intersection number of the zero section is a. That is, the quotient of (C 2 − {0}) × C by the C * -action given by
for all t = (t 1 , t 2 ) ∈ T 2 , for some u 1 , u 2 ∈ Z 2 that form a basis of Z 2 . Let D a (u 1 , u 2 ) be the disk bundle of O(a) with this T 2 -action. The action has two fixed points q 1 = [1, 0, 0] and q 2 = [0, 1, 0], and the T 2 -weights at the fixed points q 1 and q 2 are {u 1 , u 2 } and {−au 1 + u 2 , −u 1 }, respectively.
For
Then we get a 4-dimensional compact connected manifold N with the T 2 -action. As in the proof of Theorem 5.1 of [Ma] , by pasting N and D 2 × T 2 along the boundary ∂N ≃ S 1 × T 2 of N , we get a 4-dimensional closed connected almost complex T 2 -manifold M ; see the detailed proof of Theorem 5.1 in [Ma] that M admits a T 2 -invatiant almost complex structure. Moreover, M has k fixed points, and the T 2 -weights at each fixed point
This proves the first part.
Suppose that v i,1 = 0 for all i. The last two claims for the restriction of T 2 on the first S 1 -factor follow from the construction. From the construction, the S 1 -weights at
Remark 3.3. There is a slight difference between constructions of T 2manifolds in Theorem 3.2 and Theorem 5.1 of [Ma] . In Theorem 5.1 of [Ma] , Masuda also took v i in counterclockwise order but then used the dual basis {u
Since Equation (1) holds, the T 2 -weights at q i,2 and q i+1,1 agree; hence we can equivariantly plumb two manifolds D a i (u
On the other hand, instead of taking the dual basis of
m 's. Since the T 2 -weights at q i,2 and q i+1,1 also agree in our case, we can perform equivariant plumbing. Therefore, the proofs for the arguments in Theorem 5.1 of [Ma] apply smoothly for the rest of Theorem 3.2 (such as, by pasting N and D 2 × T 2 along the boundary ∂N ≃ S 1 × T 2 of N , we get a 4-dimensional closed connected almost complex T 2 -manifold M , and M admits a T 2 -invariant almost complex structure, etc).
In Theorem 3.2, it is important that for each pair (v i , v i+1 ), v i and v i+1 are in counterclowise order; if we go from v i to v i+1 in counterclockwise order, the angle between them must be strictly less than π. Then our task is to show that if we construct a manifold M ′ using Theorem 3.2 which is described by a multigraph Γ ′ , where Γ ′ is obtained by performing one of the operations in Theorem 1.4 from another multigraph Γ that describes a manifold M and M is constructed by Theorem 3.2 with v i in counterclockwise order, then M ′ also satisfies in its construction that v ′ i are in counterclockwise order. Because of this, we introduce the following definition.
Suppose that using the v i and a i , by Theorem 3.2 we construct a 4-dimensional compact, connected almost complex manifold equipped with a T 2 -action having fixed points p i , 1 ≤ i ≤ k. Let Γ be a labeled directed multigraph describing M in the strong sense for the action of the first S 1 -factor of T 2 on M , as in Theorem 3.2. We say that M satisfies Property A if the following hold, by reversing the order the index of p i , v i , and a i if necessary:
c-edge, for some i and for some positive integers c and d (Figure 3 ).
Then
e-edge, for some i and for some positive integers e and f (Figure 4 ).
To prove Theorem 1.4, we first prove that for any 2-regular semi-free multigraph Γ, we can construct a semi-free circle action on a compact almost complex manifold M which is described by Γ in the strong sense and M satisfies Property A. This corresponds to our minimal model (multigraph) in Theorem 1.4. Figure 7 describes the construction in Lemma 3.5.
Lemma 3.5. Let Γ be a connected 2-regular semi-free multigraph. Then by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action, such that the action of the first S 1 -factor of T 2 on M is semi-free, and Γ describes M in the strong sense for this S 1 -action. Moreover, M satisfies Property A.
Proof. Let T (Γ) = k, that is, the number of vertices of index 0. Since Γ is semi-free, Γ has 4k vertices; k vertices of index 0, 2k vertices of index 1, and k vertices of index 2. In Theorem 3.2, take
Then v i and a i satisfy Conditions (1) and (2) in Theorem 3.2. Let M be the 4-dimensional compact, connected almost complex manifold equipped with a T 2 -action constructed. Then the T 2 -action on M has 4k fixed points. Consider the action of the first
. It follows that M satisfies Property A. The last claim of Theorem 3.2 implies that Γ describes M in the strong sense.
The next lemma states that from an S 1 -manifold described by a multigraph Γ such that Γ is obtained from Theorem 1.4, we can construct another S 1 -manifold described by a multigraph, which is obtained from Γ by applying Operation 1 in Theorem 1.4; see Figure 2 . Both manifolds satisfy Property A.
Lemma 3.6. Let Γ be a connected 2-regular labeled directed multigrph. Assume that by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M is described by Γ in the strong sense and M satisfies Property A. Suppose that a fixed point p i of M has S 1 -weights {−a, b} for some positive integers a and b. Then by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M ′ is described by Γ ′ in the strong sense, where Γ ′ (Figure 2b) is obtained from Γ (Figure 2a ) by replacing the vertex p i with (a + b)-edge. Moreover, M ′ satisfies Property A.
Proof. Suppose that by Theorem 3.2 we construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action having a discrete fixed point set such that Γ describes M in the strong sense for the action of the first S 1 -factor of T 2 , and M satisfies Property A. Let v j = (v j,1 , v j,2 ) and a j be the elements of Z 2 and Z that are used to construct M in Theorem 3.2, 1 ≤ j ≤ k, where k is the number of fixed points of M .
Next, by using Theorem 3.2, construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action having k + 1 fixed points, by taking the following values for v ′ j and a ′ j .
Since v j and a j satisfy Conditions (1) and (2) of Theorem 3.2, v ′ j and a ′ j also satisfy Conditions (1) and (2) of Theorem 3.2. It is easy to check Condition (1) 
Similarly, one can check that v ′ j and a ′ j satisfy Condition (2) of Theorem 3.2. By the construction, the fixed points p ′ j of M ′ have the following T 2 -weights.
4) If j > i + 1, the T 2 -weights of p j and p ′ j+1 are the same. Since v i−1,1 = a and v i,1 = b, we have v ′ i,1 = v i−1,1 +v i,1 = a+b. Therefore, by the last claim of Theorem 3.2, p ′ i and p ′ i+1 lie in the same 2-sphere S 2 , where the action of the first S 1 -factor of T 2 on M restricts to act on this S 2 with fixed points p ′ i and p ′ i+1 that have S 1 -weights a + b and −a − b, respectively. Therefore, if we let Γ ′ be a multigraph that is obtained from Γ by replacing the vertex
From now on, we check that M ′ also satisfies Property A. First, we check Condition (1) Figure 8b ), since Figure 8 . Checking Property A for Operation 1: Case 1
)-edge so that these edges are in the situation of Condition (3) of Property A.
First, suppose that (p ′ i−1 , p ′ i−2 ) is (a + b)-edge. This means that in Γ we have (p i−1 , p i−2 ) is (a + b)-edge ( Figure 8a ). We show that
Therefore, Condition (2) of Property A holds for all edges in Γ ′ , since other v ′ i are the same as v m for some m and M satisfies Condition (2) of Property A.
Second Figure 9 . Checking Property A for Operation 1: Case 2
The following lemma corresponds to Operation 2 and Figure 3 in Theorem 1.4.
Lemma 3.7. Let Γ be a connected 2-regular labeled directed multigrph. Assume that by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M is described by Γ in the strong sense and M satisfies Property A. Suppose that (p 2 , p 1 ) is c-edge, (p 3 , p 2 ) is d-edge, and (p 3 , p 4 ) is c-edge, for some vertices p 1 , p 2 , p 3 , p 4 and for some positive integers c, d. Then by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M ′ is described by Γ ′ in the strong sense, where Γ ′ (Figure 3b ) is obtained from Γ (Figure 3a ) by replacing the label d of the edge (p 3 , p 2 ) with d + c. Moreover, M ′ satisfies Property A.
Proof. Suppose that by Theorem 3.2 we construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action having a discrete fixed point set such that Γ describes M in the strong sense for the action of the first S 1 -factor of T 2 , and M satisfies Property A. Let v j = (v j,1 , v j,2 ) and a j be the elements of Z 2 and Z that are used to construct M in Theorem 3.2, 1 ≤ j ≤ k, where k is the number of fixed points of M . By using Theorem 3.2, construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action having k fixed points, by taking the following values for v ′ j and a ′ j .
Since v j and a j satisfy Conditions (1) and (2) of Theorem 3.2, v ′ j and a ′ j also satisfy the conditions of Theorem 3.2. By the construction, the fixed points p ′ j of M ′ have the following T 2 -weights.
Therefore, by the last claim of Theorem 3.2, p ′ 2 and p ′ 3 lie in the same 2sphere S 2 , where the action of the first S 1 -factor of T 2 on M restricts to act on this S 2 with fixed points p ′ 2 and p ′ 3 that have S 1 -weights −c − d and c + d, respectively. Therefore, if we let Γ ′ be a multigraph which is obtained from Γ by replacing the label d of (p 3 , p 2 )-edge with (d + c), then Γ ′ describes M ′ in the strong sense.
We check that M ′ satisfies Property A. First, we check Condition (1) 
Next, we check Condition (2) of Property A for the edge (p ′ 3 , p ′ 2 ). We only need to check if (p ′ 4 , p ′ 5 ) is (c + d)-edge, since then (p ′ 3 , p ′ 2 ) is (c + d)-edge, (p ′ 3 , p ′ 4 ) is c-edge, and (p ′ 4 , p ′ 5 ) is (c + d)-edge so that these edges are in the situation of Condition (2) of Property A. Suppose that (p ′ 4 , p ′ 5 ) is (c + d)-edge. This means that (p 4 , p 5 ) is (c + d)-edge. We show that v ′ 4 = −v ′ 2 . We have v 2,1 = −d, v 3,1 = c, and v 4,1 = c+d. Since v 4 = −a 3 ·v 3 −v 2 , it follows that v 4,1 = −a 3 ·v 3,1 −v 2,1 and hence c+d = v 4,1 = −a 3 ·v 3,1 −v 2,1 = −a 3 ·c+d, which implies that a 3 = −1. Since a ′ 3 = a 3 + 1, it follows that a ′ 3 = 0 and hence v ′ (2) The following lemma corresponds to Operation 3 and Figure 4 in Theorem 1.4. The proof of Lemma 3.8 is analogous to Lemma 3.7.
Lemma 3.8. Let Γ be a connected 2-regular labeled directed multigrph. Assume that by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M is described by Γ in the strong sense and M satisfies Property A. Suppose that (p 1 , p 2 ) is e-edge, (p 2 , p 3 ) is f -edge, and (p 4 , p 3 ) is e-edge, for some vertices p 1 , p 2 , p 3 , p 4 and for some positive integers e, f . Then by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M ′ is described by Γ ′ in the strong sense, where Γ ′ (Figure 4b ) is obtained from Γ (Figure 4a ) by replacing the label f of the edge (p 2 , p 3 ) with f + e. Moreover, M ′ satisfies Property A.
Proof. Suppose that by Theorem 3.2 we construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action having a discrete fixed point set such that Γ describes M in the strong for the action of the first S 1 -factor of T 2 , and M satisfies Property A. Let v j = (v j,1 , v j,2 ) and a j be the elements of Z 2 and Z that are used to construct M in Theorem 3.2, 1 ≤ j ≤ k, where k is the number of fixed points of M . By using Theorem 3.2, construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action having k fixed points, by taking the following values for v ′ j and a ′ j .
Since v j and a j satisfy Conditions (1) and (2) in Theorem 3.2, the v ′ j and a ′ j also satisfy Conditions (1) and (2) in Theorem 3.2. By the construction, the fixed points p ′ j of M ′ have the following T 2 -weights.
(3) If j = 2, 3, the T 2 -weights of p j and p ′ j are equal. Since v 1,1 = e and v 2,1 = f , we have v ′ 2,1 = v 2,1 + v 1,1 = f + e. Therefore, by the last claim of Theorem 3.2, and p ′ 2 and p ′ 3 lie in the same 2-sphere S 2 , where the action of the first S 1 -factor of T 2 on M restricts to act on this S 2 with fixed points p ′ 2 and p ′ 3 that have S 1 -weights f + e and −f − e, respectively. Therefore, if we let Γ ′ be a multigraph which is obtained from Γ by replacing the label f of (p 2 , p 3 )-edge with (f + e), then Γ ′ describes M ′ in the strong sense.
is (e + f )edge so that these edges are in the situation of (2) of Property A. Suppose 
is (e + f )edge so that these edges are in the situation of (3) of Property A. Suppose that (p 5 , p 4 ) is (e + f )-edge. This means that (p 5 , p 4 ) is (e + f )-edge. We Instead of Lemma 3.8, we can also do the following. Let Γ be a multigraph describing a 4-dimensional compact almost complex manifold M equipped with a circle action having a discrete fixed point set. Next, reverse the circle action. By reversing the circle action we mean that each g ∈ S 1 acts on M by g −1 · p for any p ∈ M S 1 . Reversing the circle action reverses the sign of every weight at a fixed point. This means that reversing the circle action corresponds to reversing the direction of each edge in Γ. Now, perform Operation 2 on the reversed multigraph; let Γ ′ be the multigraph obtained. By Lemma 3.7 there exists a 4-dimensional compact almost complex manifold M ′ equipped with a circle action that is described by Γ ′ . And then reverse the circle action again; this reverses the direction of every edge of Γ ′ . This whole procedure corresponds to Operation 3; compare Figure 3 and Figure  4 .
The following lemma corresponds to Operation 4 and Figure 5 in Theorem 1.4. Lemma 3.9. Let Γ be a connected 2-regular labeled directed multigrph. Assume that by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M is described by Γ in the strong sense and M satisfies Property A. Suppose that (p 2 , p 1 ) is g-edge, (p 2 , p 3 ) is h-edge, (p 3 , p 4 ) is g-edge, and (p 5 , p 4 ) is h-edge, for some vertices p 1 , p 2 , p 3 , p 4 , p 5 and for some positive integers g, h. Then by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M ′ is described by Γ ′ in the strong sense, where Γ ′ (Figure 5b) is obtained from Γ (Figure 5a ) by replacing (p 2 , p 3 )-edge and (p 3 , p 4 )-edge with (p 2 , p 4 )-edge (which is (p ′ 2 , p ′ 3 )edge) with label (g + h), removing p 3 . Moreover, M ′ satisfies Property A.
Proof. Suppose that by Theorem 3.2 we construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action having a discrete fixed point set such that Γ describes M in the strong sense for the action of the first S 1 -factor of T 2 , and M satisfies Property A. Let v j = (v j,1 , v j,2 ) and a j be the elements of Z 2 and Z that are used to construct M in Theorem 3.2, 1 ≤ j ≤ k, where k is the number of fixed points of M . Moreover, since (p 2 , p 1 ) is g-edge, (p 2 , p 3 ) is h-edge, (p 3 , p 4 ) is g-edge, and M satisfies the condition (2) 
By using Theorem 3.2, construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action having k − 1 fixed points, by taking the following values for v ′ j and a ′ j .
are also in counterclockwise order. Moreover, since v j and a j satisfy Conditions (1) and (2) in Theorem 3.2, with v 3 = −v 1 and v 4 = −v 2 one can check that v ′ j and a ′ j also satisfy Conditions (1) and (2) in Theorem 3.2. Therefore, v ′ j and a ′ j satisfy all of the conditions in Theorem 3.2. Then by the construction, the fixed points p ′ j of M ′ have the following T 2 -weights.
(4) If j = 1, 2, 3, T 2 -weights of p ′ j and p j−1 are equal. Since v 2,1 = h and v 3,1 = g, we have v ′ 2,1 = v 2,1 + v 3,1 = h + g. Therefore, by the last claim of Theorem 3.2, p ′ 2 and p ′ 3 lie in the same 2-sphere S 2 , where the action of the first S 1 -factor of T 2 on M restricts to act on this S 2 with fixed points p ′ 2 and p ′ 3 that have S 1 -weights h + g and −h − g, respectively. Therefore, if we let Γ ′ be a multigraph which is obtained from Γ by replacing (p 2 , p 3 )-edge and (p 3 , p 4 )-edge with (p 2 , p 4 )-edge that has label (g + h), removing p 3 , then Γ ′ describes M ′ in the strong sense.
We check that M ′ satisfies Property A.
First, we check Condition (1) 
edge so that these edges are in the situation of Condition (2) of Property A. 
-edge so that these edges are in the situation of Condition (3) of Property A. Suppose that (p ′ 5 , p ′ 4 ) is (g + h)-edge. This means that (p 6 , p 5 ) is (g + h)-edge. We show that v ′ 4 = −v ′ 2 . We have v 5,1 = −g − h, v 4,1 = −h, and v 3,1 = g. Since v 5 = −a 4 · v 4 − v 3 , it follows that v 5,1 = −a 4 · v 4,1 − v 3,1 , and this implies that a 4 = −1. Since a ′ 3 = a 4 + 1, we have a ′ 3 = 0 and hence
Therefore, Condition (3) of Property A holds for all edges in Γ ′ , since v ′ 1 = v 1 and other v ′ i are the same as v i+1 for i = 1, 2, and M satisfies Condition (3) of Property A.
Therefore, M ′ satisfies Property A.
Remark 3.10.
, v 4 need not be in counterclockwise order. This is why we need Conditions (2) and (3) of Property A so that in Lemma 3.9 we have v 1 = −v 3 and v 2 = −v 4 , and hence v 1 , v 2 + v 3 , v 4 are in counterclockwise order.
Remark 3.11. Note that for Lemma 3.6, Lemma 3.7, Lemma 3.8, and Lemma 3.9, the converse also holds. That is, we can perform reverse operations of the operations in the lemmas.
With Theorem 3.2, Lemma 3.5, Lemma 3.6, Lemma 3.7, Lemma 3.8, and Lemma 3.9, we are ready to prove our main theorem, Theorem 1.4.
Proof of Theorem 1.4. Let the circle act effectively on a 4-dimensional compact almost complex manifold M with a discrete fixed point set. By Lemma 2.5, there exists a labeled directed multigraph Γ ′′ describing M such that, for each edge e, the index of i(e) in the isotropy submanifold M Z/(w(e)) is one less than the index of t(e) in M Z/(w(e)) . In particular, Γ ′′ has no self-loops; see Lemma 2.5 and the explanation after it how we draw the multigraph Γ ′′ .
Suppose that for each connected component Γ ′′ j of Γ ′′ , we can construct a 4-dimensional compact connected almost complex manifold M j equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M i is described by Γ ′′ j . Then by Lemma 2.7, by taking the equivariant connected sum along free orbits of M j 's, we can construct a 4-dimensional compact connected almost complex manifold M 0 equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M 0 is described by the disjoint union of Γ ′′ j 's, which is Γ ′′ . Hence, it suffices to assume that M is described by a single connected multigraph.
Therefore, from now on, suppose that M is described by a connected labeled directed multigraph Γ ′′ such that for each edge e, the index of i(e) in the isotropy submanifold M Z/(w(e)) is one less than the index of t(e) in M Z/(w(e)) .
We will show that by Theorem 3.2 we can construct a 4-dimensional compact connected almost complex manifold M ′′ equipped with a T 2 -action having a discrete fixed point set such that the action of the first S 1 -factor of T 2 on M ′′ is described by Γ ′′ in the strong sense and M ′′ satisfies Property A.
The proof is based on the induction on the largest label among the labels of all of the edges of Γ ′′ . Let l be the largest label among the labels of all of the edges in Γ ′′ . If the largest label is 1, this means that every weight at each fixed point is either +1 or −1 and hence the action is semi-free. In other words, Γ ′′ is a semi-free multigraph. Then the claim follows by Lemma 3.5.
Therefore, from now on, suppose that l > 1. Suppose that (p, q) is l-edge for some vertices (fixed points) p and q. This means that p has weight +l, q has weight −l, and p and q lie in the same connected component of M Z l . Then exactly one of the following holds:
(1) n p = 1 and n q = 1.
(2) n p = 0 and n q = 1.
(3) n p = 1 and n 1 = 2. (4) n p = 0 and n q = 2.
Suppose that Case (1) holds. Then the S 1 -weights at p and q are {−x 1 , l} and {−l, x 2 } respectively, for some positive integers x 1 and x 2 . Since the action is effective and l is the largest weight, x 1 < l and x 2 < l. Since p and q lie in the same connected component of M Z l , by Lemma 2.6, the weights at p and the weights at q are equal modulo l, and this implies that −x 1 ≡ x 2 mod l, i.e., x 1 + x 2 = l. This is precisely the case as in Figure  2b and Lemma 3.6. If we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action where the action of the first S 1 -factor of T 2 on M ′ is described by Γ ′ in the strong sense and M ′ satisfies Property A, where Γ ′ is obtained from Γ ′′ by shrinking the l-edge (p, q) to a vertex, then by Lemma 3.6, we can construct a 4-dimensional compact connected almost complex manifold M ′′ equipped with a T 2 -action such that the action of the first S 1 -factor of T 2 on M ′′ is described by Γ ′′ in the strong sense (which describes M ) and M ′′ satisfies Property A. This step corresponds to Operation 1 in Theorem 1.4.
Suppose that Case (2) holds. Then the S 1 -weights at p and q are {x 1 , l} and {−l, x 2 } respectively, for some positive integers x 1 and x 2 . Since the action is effective and l is the largest weight, x 1 < l and x 2 < l. Since p and q lie in the same connected component of M Z l , by Lemma 2.6, the weights at p and the weights at q are equal modulo l. This implies that x 1 ≡ x 2 mod l, i.e., x 1 = x 2 . This is precisely the case as in Figure 3b and Lemma 3.7. If we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action where the action of the first S 1 -factor of T 2 on M ′ is described by Γ ′ in the strong sense and M ′ satisfies Property A, where Γ ′ is obtained from Γ ′′ by changing the label l of the edge (p, q) by l − x 1 , then by Lemma 3.7, we can construct a 4-dimensional compact connected almost complex manifold M ′′ equipped with a T 2 -action such that the action of the first S 1 -factor of T 2 on M ′′ is described by Γ ′′ in the strong sense (which describes M ) and M ′′ satisfies Property A. This step corresponds to Operation 2 in Theorem 1.4.
Suppose that Case (3) holds. Then the S 1 -weights at p and q are {−x 1 , l} and {−l, −x 2 } respectively, for some positive integers x 1 and x 2 . Since the action is effective and l is the largest weight, x 1 < l and x 2 < l. Since p and q lie in the same connected component of M Z l , by Lemma 2.6, the weights at p and the weights at q are equal modulo l, and this implies that −x 1 ≡ −x 2 mod l, i.e., x 1 = x 2 . This is precisely the case as in Figure  4b and Lemma 3.8. If we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action where the action of the first S 1 -factor of T 2 on M ′ is described by Γ ′ in the strong sense and M ′ satisfies Property A, where Γ ′ is obtained from Γ ′′ by changing the label l of the edge (p, q) by l − x 1 , then by Lemma 3.8, we can construct a 4-dimensional compact connected almost complex manifold M equipped with a T 2 -action such that the action of the first S 1 -factor of T 2 on M ′′ is described by Γ ′′ in the strong sense (which describes M ) and M ′′ satisfies Property A. This step corresponds to Operation 3 in Theorem 1.4.
Suppose that Case (4) holds. Then the S 1 -weights at p and q are {x 1 , l} and {−l, −x 2 } respectively, for some positive integers x 1 and x 2 . Since the action is effective and l is the largest weight, x 1 < l and x 2 < l. Since p and q lie in the same connected component of M Z l , by Lemma 2.6, the weights at p and the weights at q are equal modulo l, and this implies that x 1 ≡ −x 2 mod l, i.e., x 1 +x 2 = l. This is precisely the case as in Figure 5b and Lemma 3.9. Let p ′ be the terminal point of the x 1 -edge whose initial point is p, and let q ′ be the initial point of the x 2 -edge whose terminal point is q, i.e., (p, p ′ ) is x 1 -edge and (q ′ , q) is x 2 -edge. In other words, p ′ , p, q, q ′ correspond to p i−2 , p i−1 , p i+1 , p i+2 in Figure 5b . If we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action where the action of the first S 1 -factor of T 2 on M ′ is described by Γ ′ in the strong sense and M ′ satisfies Property A, where Γ ′ is obtained from Γ ′′ by replacing the edge (p, q) with two edges (p, r) and (r, q) with labels x 2 and x 1 respectively with adding a vertex r (which corresponds to p i in Figure 5a ), then by Lemma 3.9, we can construct a 4-dimensional compact connected almost complex manifold M ′′ equipped with a T 2 -action such that the action of the first S 1 -factor of T 2 on M ′′ is described by Γ ′′ in the strong sense (which describes M ) and M ′′ satisfies Property A. This step corresponds to Operation 4 in Theorem 1.4. Whenever (p, q) is l-edge, by the four steps above, the existence of the manifold M ′′ described by Γ ′′ in the strong sense (which describes M ) and satisfying Property A is reduced to the existence of another manifold M ′ described by Γ ′ in the strong sense and satisfying Property A, where Γ ′ has one less l-edge than Γ ′′ . By repeating the arguments, the existence of the manifold M ′′ that is described by Γ ′′ in the strong sense and satisfies Property A reduces to the existence of a 4-dimensional compact connected almost complex manifold M ′′′ equipped with a T 2 -action having a discrete fixed point set constructed by Theorem 3.2 satisfying Property A such that the action of the first S 1 -factor of T 2 on M ′′′ is described by a connected 2-regular labeled directed multigraph Γ ′′′ in the strong sense such that the label of every edge is equal to 1, and for each edge e, the index of i(e) in the isotropy submanifold M Z/(w(e)) (= M ) is one less than the index of t(e) in M Z/(w(e)) (= M ). This implies that Γ ′′′ is a connected 2-regular semi-free multigraph. By Lemma 3.5, such a manifold M ′′′ exists. This proves the first claim.
By Theorem 2.1, the Todd genus of M is equal to the number of fixed points of index 0. Since the 4 operations in Theorem 1.4 do not reduce the number of fixed points (vertices) of index 0, it follows that Todd(M ) = k j=1 T (Γ j ). The proof above has also proved the last claim of Theorem 1.4 that given any 2-regular labeled directed multigraph Γ constructed from a 2regular semi-free multigraph followed by the 4 operations in Theorem 1.4, there exists a 4-dimensional compact connected almost complex manifold M equipped with a circle action having a discrete fixed point set that is described by Γ.
In fact, in this section we have proved the following theorem.
Theorem 3.12. Let the circle act on a 4-dimensional compact almost complex manifold M with a discrete fixed point set. Then we can construct a 4-dimensional compact connected almost complex manifold M ′ equipped with a T 2 -action such that the action of the first S 1 -factor of T 2 on M ′ has the same fixed point data as M .
Proof. This follows from Theorem 3.2, Lemma 3.5, Lemma 3.6, Lemma 3.7, Lemma 3.8, Lemma 3.9, and the proof of Theorem 1.4.
Remark 3.13. Theorem 1.4 does not imply that if a multigraph describes a 4-dimensional almost complex S 1 -manifold, the manifold is unique. That is, a multigraph can describe two different S 1 -manifolds. For this, let M ′ be an S 1 -manifold with 8 fixed points constructed from Theorem 3.2 by taking v 1 = (1, 0) , v 2 = (1, 1) , v 3 = (−1, 0), v 4 = (−1, −1), v 5 = (1, 0) , v 6 = (1, 1), v 7 = (−1, 0), v 8 = (−1, −1) as in Lemma 3.5. Next, for i = 1, 2, let M i be a T 2 -manifold with 4 fixed points constructed from Theorem 3.2 by taking v 1 = (1, 0), v 2 = (1, 1) , v 3 = (−1, 0), v 4 = (−1, −1) also as in Lemma 3.5. By using Lemma 2.7, take the equivariant connected sum of M 1 and M 2 along free orbits to construct a T 2 -manifold M ′′ . From the constructions, M ′ and M ′′ are not diffeomorphic; M ′ has one chain of eight 2-spheres connecting 8 fixed points, while M ′ has two chains of four 2-spheres, each chain connecting 4 fixed points. Both of M ′ and M ′′ have 2 fixed points having weights {1, 1}, 4 fixed points having weights {−1, 1}, and 2 fixed points having weights {−1, −1}, and hence they have the same fixed point data. Therefore, Figure 1 describes both of M ′ and M ′′ . On the other hand, a disjoint uions of two copies of Figure 6 also describes both of M ′ and M ′′ . However, from the constructions, it is natural to take Figure 1 to describe M ′ , and to take a disjoint union Γ ′ of two copies of Figure 6 to describe M ′′ , as Figure 1 describes M ′ in the strong sense and Γ ′ describes M ′ in the strong sense.
Comparison with complex manifolds and symplectic manifolds
In this section, we compare circle actions on almost complex manifolds, complex manifolds, and symplectic manifolds. In dimension 2, there is no difference; if a 2-dimensional compact connected oriented manifold M admits a circle action, either M is the 2-sphere S 2 or the 2-torus T 2 , and both of them are Kähler; both of them are almost complex, complex, and symplectic.
In dimension 4, however, the class of almost complex S 1 -manifolds is bigger than that of complex S 1 -manifolds and that of symplectic S 1 -manifolds. If the circle acts on a 4-dimensional compact connected almost complex manifold M with a non-empty discrete fixed point set, the Todd genus of M takes any positive integer. On the other hand, if in addition M is complex or symplectic and the circle action preserves the given structure, the Todd genus of M must be equal to 1. Therefore, there are almost complex manifolds equipped with circle actions which cannot be complex or symplectic.
We prove Theorem 1.5 that if M is complex or symplectic, a multigraph describing M can be constructed from a single 2-regular semi-free multigraph Γ with T (Γ) = 1 ( Figure 6 ) followed by the 4 operations in Theorem 1.4.
Proof of Theorem 1.5. If M is a complex manifold, the Todd genus of M is equal to 1; see [CHK] . Suppose that M is a symplectic manifold. Since there is a fixed point and dim M = 4, the action must be Hamiltonian; see [Mc] . Since the action is Hamiltonian, there is a unique fixed point of index 0. The Todd genus of M is equal to the number of fixed points of index 0. It follows that the Todd genus of M is equal to 1. Therefore, in either case the Todd genus of M is equal to 1.
We apply Theorem 1.4. By Theorem 1.4, a labeled directed multigraph Γ ′ describing M can be achieved from a 2-regular semi-free multigraph followed by the 4 operations in Theorem 1.4. Since Todd(M ) = 1, Γ ′ has exactly 1 vertex of index 0. Since the 4 operations in Theorem 1.4 do not reduce the number of vertices (fixed points) of index 0, to achieve Γ ′ from a semi-free multigraph by the 4 operations in Theorem 1.4, we must begin with a single 2-regular semi-free multigraph Γ with T (Γ) = 1 (see Figure 6 ), i.e., Γ has precisely one vertex of index 0.
Let the circle act on a 4-dimensional compact connected manifold, complex or symplectic, preserving the complex or symplectic structure. Assume that the fixed point set is non-empty and discrete. Carrell, Howard, and Kosniowski for a complex manifold [CHK] and Karshon [K] for a symplectic manifold proved that such a manifold can be obtained from CP 2 or a Hirzebruch surface followed by blow ups, where any blow up only occurs at a fixed point of index 1. Let p be a fixed point of index 1. Let {−a, b} be the weights at p for some positive integers a and b. Blowing up p equivariantly (either in complex or symplectic sense), we get two fixed points p ′ and p ′′ that have weights {−a, a + b} and {−a − b, b} respectively, instead of p. For a multigraph describing a manifold, blowing up at a fixed point of index 1 corresponds to Operation 1 of Theorem 1.4; see Figure 2 . To compare our minimal model ( Figure 6 ) and their minimal models (Figures 10a, 10b, 10c ), we first describe circle actions on CP 2 and Hirzebruch surfaces. Figure 10c also describes the manifold, but we choose Figure 10b to describe the manifold so that the multigraph can be achieved from our minimal model. This results from the fact that any multigraph that we associate in this paper satisfies the conditions in Lemma 2.5; since d = 1 is the smallest positive weight, for any edge e with label 1, a multigraph we associate satisfies n t(e) = n i(e) + 1 where n v is the index of a vertex v; see Definition 1.1. Note that when Figure 10b describes the manifold, c ≡ e mod d and when Figure 10c describes the manifold, c ≡ −e mod d.
On the other hand, as in Theorem 1.4, our minimal model is described by a semi-free multigraph. Therefore, we shall discuss how to go from our minimal multigraph Figure 6 to their minimal multigraphs Figure 10a , Figure  10b , and Figure 10c For a multigraph Figure 10a for CP 2 , perform the reverse of Operation 4 in Theorem 1.4. Then the resulting multigraph is Figure 10b if we set a = c, b = d, and e = c. This means that if we can go from our minimal multigraph Figure 6 to Figure 10b with a = c, b = d, and e = c by our operations, then we can perform Operation 4 in Theorem 1.4 to Figure 10b with a = c, b = d, and e = c to reach Figure 10a . Therefore, for a multigraph for CP 2 , our task is to show how to go from Figure 6 to Figure 10b .
From now on, we will show how to go from their minimal multigraphs to our minimal multigraph by performing reverses of our operations. Then one can chase the reversed operations and go from our minimal one to their minimal ones by performing our operations. Therefore, our task is to show how to go from Figure 10b and Figure 10c with d > 1 to Figure 6 .
We show how to go from Figure 10c with d > 1 to Figure 6 . In Figure  10c , by performing the reverse of Operation 2 j 1 -times, replace the label c of (p 1 , p 3 )-edge by c − j 1 d where j 1 is the biggest non-negative integer such that c − j 1 d is positive and call it c 1 . Then c 1 < d. Similarly, by performing the reverse of Operation 3 j 2 -times, replace the label e = nd − c of (p 4 , p 2 )edge by nd − c − j 2 d where j 2 is the biggest non-negative integer such that nd − c − j 2 d is positive and call it c 2 . Then c 2 < d. Since
The resulting multigraph is Figure 11a . Next, do the reverse of Operation 4 for (p 1 , p 2 )-edge. The resulting multigraph is Figure 11b . Next, do the reverse of Operation 1 for (p 3 , p 4 )-edge. Then the resulting multigraph is Figure 11c .
Both of Figure 10b and Figure 11c with d > 1 are now included in Figure  12 with f ≡ h mod g if we relabel the labels suitably, where f , g, and h are pairwise prime. Therefore, it remains to show how to go from Figure 12 to Figure 6 . Now, by performing the reverse of Operation 2 for (p 1 , p 2 )-edge k 1 -times, replace the label f of (p 1 , p 2 )-edge by f − k 1 g where k 1 is the biggest nonnegative integer such that f − k 1 g is positive and call it f 1 . Similarly, by performing the reverse of Operation 3 for (p 3 , p 4 )-edge k 2 times, replace the label h of (p 3 , p 4 )-edge by h−k 2 g where k 2 is the biggest non-negative integer such that h − k 2 g is positive and call it h 1 . Since f ≡ h mod g, this means that f 1 = h 1 and f 1 < g. Next, do the reverse of Operation 3 for (p 2 , p 4 )edge k 3 times to replace the label g of the (p 2 , p 4 )-edge by g − k 3 f 1 where k 3 is the biggest non-negative integer such that g − k 3 f 1 is positive and call it g 1 . Do the reverse of Operation 2 for (p 1 , p 3 )-edge k 4 times to replace the label g of the (p 1 , p 3 )-edge by g − k 4 f 1 where k 4 is the biggest non-negative integer such that g − k 4 f 1 is positive and call it g 2 . Then we have that g 1 = g 2 and g 1 < f 1 . Then we are still in the case of Figure 12 , but now the labels of all edges are reduced. Therefore, if we repeat this process, we can reduce the label of every edge to 1. Hence we can reach our multigraph Figure 6 . This means that from Figure 6 we can reach Figure 10b and Figure  11c 
Step 3 
Chern numbers and lower bound on the number of fixed points
As another consequence of Theorem 1.4, we obtain a lower bound on the number of fixed points of a 4-dimensional compact almost complex S 1manifold. Moreover, our bound is sharp.
Proof of Corollary 1.9. The corollary holds if there is a fixed surface. Therefore, from now on, assume that the fixed point set is discrete. Let N i be the number of fixed points of index i. By Theorem 2.1, the Todd genus of M is equal to N 0 , and N 0 = N 2 . By Corollary 2.4, there exists 0 ≤ i ≤ 1 such that N i > 0 and N i+1 > 0. These imply that N 0 > 0, N 1 > 0, and N 2 > 0. In particular, Todd(M ) = N 0 > 0. Since total number of fixed points is N 0 + N 1 + N 2 = 2N 0 + N 1 = 2 · Todd(M ) + N 1 , it follows that there are at least 2 · Todd(M ) + 1 fixed points. This proves the first part. 
Step 2 1 fixed point of index 1, namely p 2 . Theorem 1.4 guarantees the existence of such a manifold M .
If instead in the above we perform Operation 4 (2N 0 −N 1 )-times, then the resulting manifold has N 0 fixed points of index 0, N 1 fixed points of index 1, and N 0 fixed points of index 2. Theorem 1.4 guarantees the existence of such a manifold M . This completes the proof.
Note that three fixed points can only occur in dimension 4; see [J2] whose proof adapts the proof for symplectic manifolds in [J1] . If we chase what we have done to v i in the proof of Corollary 1.9 via Lemmas 3.5 through 3.9, by using the following values for v i in Theorem 3.2, we can construct a 4-dimensional compact connected almost complex S 1 -manifold with 2 · Todd(M ) + 1 fixed points; v 1 = (1, 0), v 2 = (2, 1), v 3 = (−3, −1), v 4 = (4, 1), · · · , v k−2 = (−k + 2, 1), v k−1 = (k − 1, 1), v k = (−k, −1), where Step 4 k = 2 · Todd(M ) + 1. The weights at p 1 , p 2 , · · · , p k are {k, 1}, {−1, 2}, {−2, −3}, {3, 4}, {−4, −5}, · · · , {k−2, k−1}, and {−k−1, −k}, respectively. For any positive integer N 0 , one can produce an example with N 0 fixed points of index 0 and 1 fixed point of index 1 in various ways. Note that the v i are barely in counterclockwise direction as k increases.
Proof of Corollary 1.8. The first claim follows since c 2 1 [M ] = 10N 0 − N 1 and c 2 [M ] = 2N 0 + N 1 , where N i is the number of fixed points of index i; see [S] . The second claim follows from Corollary 1.9. 6. Classification of semi-free actions with discrete fixed point sets
In this section, we review the result on the fixed point data of a semifree circle action on a compact almost complex manifold with a discrete fixed point set, and for any possible fixed point data for a semi-free action, we construct an almost complex S 1 -manifold that has the given fixed point data. As mentioned in the introduction, Tolman and Weitsman [TW] proved that a semi-free symplectic circle action with a discrete fixed point set is Hamiltonian if and only if the fixed point set is non-empty. Feldman [Fe] and Li [L] reproved this.
Theorem 6.1. [Fe] , [L] , [TW] Let the circle act symplectically and semifreely on a compact connected symplectic manifold M with a discrete fixed set. If the fixed point set is non-empty, the action must be Hamiltonian. Moreover, there are precisely 2 n fixed points, where 2n = dim M .
To prove Theorem 6.1, Tolman and Weitsman proved the following lemma by using equivariant cohomology and the Atiyah-Bott-Berline-Vergne localization formula. This is also proved in [J5] by using Theorem 2.1.
Lemma 6.2. [J5] , [TW] Let the circle act semi-freely on a 2n-dimensional compact almost complex manifold with a discrete fixed point set. Then for 0 ≤ i ≤ n, N i = N 0 · n i , where N i is the number of fixed points of index i. For a symplectic action there are exactly 2 n fixed points, since the fixed point set is discrete and there is a unique fixed point of index 0, i.e., N 0 = 1. As another application of Theorem 1.4, we prove an analogous result for almost complex manifolds. Theorem 6.3. Let n ≥ 2. Given any positive integer k, there exists a 2ndimensional compact connected almost complex manifold M equipped with a semi-free circle action having a discrete fixed point set, whose Todd genus is k. Moreover, for 0 ≤ i ≤ n, N i = k · n i , where N i is the number of fixed points of index i. In particular, the total number of fixed points is equal to k · 2 n . Proof. Let Γ be a connected 2-regular semi-free multigraph with T (Γ) = k. By Lemma 3.5, there exists a 4-dimensional compact connected almost complex manifold M ′ equipped with a semi-free circle action having a discrete fixed point set which is described by Γ. The manifold M ′ has 4k fixed points, k fixed points of index 0, 2k fixed points of index 1, and k fixed points of index 2. Let M ′′ be the product S 2 × · · · × S 2 of (n − 2) copies of the 2-spheres, where on each S 2 the circle acts by rotating once. Since the rotation on each 2-sphere has 2 fixed points, the north pole and the south pole that have weights −1 and +1 respectively, M ′′ has 2 n−2 fixed points and the number of fixed points with index i is equal to n−2 i for each 0 ≤ i ≤ n − 2. Taking the product of M ′ and M ′′ with a diagonal action, the desired manifold M is constructed. Since M ′ has k fixed points of index 0 and M ′′ has 1 fixed point of index 0, it follows that M has k fixed points of index 0. Since the number of fixed points of index 0 is equal to the Todd genus of M by Theorem 2.1, the theorem follows.
Proof of Theorem 1.10. The first claim follows from Lemma 6.2. The second claim follows from Theorem 6.3.
Multigraphs as manifolds
By Lemma 2.5, we know that for a circle action on a compact almost complex S 1 -manifold M with a discrete fixed point set, there exists a labeled directed multigraph describing M . In this final section, we ask the converse; that is, when a labeled directed multigraph can be realized as a multigraph describing an almost complex S 1 -manifold. For a vertex v of a labeled directed multigraph Γ, let {w(e) | i(e) = v} ∪ {−w(e) | t(e) = v} be the weights at v.
Definition 7.1. Let Γ be an n-regular labeled directed multigraph.
(1) The multigraph Γ is symmetric, if N i = N n−i for all i, where N i is the number of vertices of index i.
(2) The multigraph Γ is effective, if for each vertex v, the greatest common divisor of the labels of the edges of v is equal to 1.
(3) The multigraph Γ satisfies the minimal property, if an edge e has label 1, then n i(e) + 1 = n t(e) , where n v denotes the index of a vertex v. In particular, |{e ∈ E | w(e) = 1, i(e) = p, n p = j}| = |{e ∈ E | w(e) = 1, t(e) = p, n p = j + 1}| for j ∈ {0, 1, · · · , n − 1}. (4) The multigraph Γ satisfies the equal modulo property, if (p, q) is wedge, the weights at p and the weights at q are equal modulo w.
For a multigraph that is 2-regular, directed, labelled, and loop-free, we give a sufficient condition for the multigraph to describe a 4-dimensional compact almost manifold equipped with an effective circle action having a discrete fixed point set.
Theorem 7.2. Let Γ be a 2-regular effective symmetric directed labeled multigraph without any loop. Suppose that Γ satisfies the equal modulo property and the minimal property. Then there exists a 4-dimensional compact connected almost complex manifold M equipped with an effective circle action having a discrete fixed point set that is described by Γ.
Proof. The proof is similar to that of Theorem 1.4 in Section 3. The proof is based on induction on the largest label. Since Γ is effective, the greatest common divisor of labels of edges at each vertex is equal to 1. Let l be the largest label among all labels of the edges of Γ.
Suppose that l = 1. Then every edge has label 1. By the minimal property, Γ is semi-free. By Theorem 1.4, there exists a required manifold M which is described by Γ.
Therefore, from now on, assume that l > 1. Let (p, q) be the edge whose label is l for some vertices p and q. Since l > 1 is the largest label and Γ is effective, the labels of other edges at p and q are strictly smaller than l. By the minimal property and the symmetry property, Γ has at least one vertex of index i for 0 ≤ i ≤ 2. Then we have 4 cases:
(3) n p = 1 and n q = 2.
(4) n p = 0 and n q = 2. Suppose that Case (1) holds. Let e 1 be another edge at p and let e 2 be another edge at q. Since l is the largest label and Γ is effective, the label w(e 1 ) of e 1 is smaller than l. Similarly, w(e 2 ) < l. By the equal modulo property, since (p, q) is l-edge, the weights {−w(e 1 ), l} at p and the weights {w(e 2 ), −l} at q are equal modulo l. This implies that −w(e 1 ) ≡ w(e 2 ) mod l, i.e., w(e 1 ) + w(e 2 ) = l. This is the case of Figure 2b . Therefore, if we can construct a manifold M ′ described by a multigraph Γ ′ (Figure 2a ) where Γ ′ is obtained from Γ by shrinking the l-edge (p, q) to a vertex, by Theorem 1.4 we can construct a manifold M which is described by Γ.
In Cases (2), (3), and (4) of Theorem 7.2, we proceed as in Cases (2), (3), and (4) of the proof of Theorem 1.4 in Section 3.
In each case, the existence of a manifold M described by Γ reduces to the existence of a manifold M ′ described by Γ ′ , where Γ is obtained from Γ ′ by applying one of the 4 operations in Theorem 1.4. The multigraph Γ ′ has one less l-edge than Γ. Continuing this, the existence of M reduces to the existence of a manifold M ′′ which is described by a semi-free multigraph. By Theorem 1.4, such a manifold M ′′ exists and this completes the proof.
